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Abstract. Brain source reconstruction from electro- or magnetoencephalographic (EEG/MEG) data
relies on an accurate estimate of what in the data is signal and what is noise. However, in many settings
such as resting-state analyses, no baseline data for estimating noise characteristics exists. Besides,
existing approaches have not addressed the estimation of full-structure noise covariance matrices while
accuracy of brain source estimates is not only influenced by the noise level but also its correlation
structure. Here, we present novel principled techniques that can learn the noise covariance jointly with
the distribution of the reconstructed sources within the framework of sparse Bayesian learning (SBL).
Using Riemannian geometry, we derive an efficient algorithm for updating source variances and
full-structure noise covariance along the manifold of positive definite matrices. Extensive simulation
studies demonstrate the usefulness and favorable performance of our proposed approaches.
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1. Introduction

Having precise knowledge of the noise distribution is a fundamental requirement for obtaining
accurate solutions in many hierarchical regression problems ubiquitous in various brain imaging
applications. In many applications, however, it is impossible to separately estimate this noise
distribution since distinct baseline measurements are not feasible. An alternative, therefore, is to design
estimators that jointly optimize over the regression coefficients as well as over parameters of the noise
distribution. This has been pursued in the literature before (Hashemi & Haufe, 2018; Zhang & Rao,
2011). However, most contributions are limited to the estimation of only a diagonal noise covariance
(i.e., independent between different measurements). Considering a diagonal noise covariance is a
limiting assumption in practice as the noise interference in many realistic scenarios are highly
correlated across measurements; and thus, have non-trivial off-diagonal elements.

In this paper, we focus on the problem of electromagnetic brain source imaging (BSI). The goal of
BSI is to reconstruct brain activity from magneto- or electroencephalography (M/EEG), which can be
formulated as a sparse Bayesian learning (SBL) problem. More specifically, it can be cast as a linear
Bayesian regression model with independent Gaussian scale mixture priors on the parameters and
noise. Extending classical SBL approaches, here we specifically consider a full-structure multivariate
Gaussian noise with full covariance structure. Prominent sources of correlated noise in this context are,
for example, eye blinks, heartbeats, muscular artifacts, and line noise. Algorithms that can accurately
estimate noise with full covariance structure are expected to achieve more accurate regression models
and predictions in this setting.
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2. Type-II Bayesian Regression for Brain Source Imaging

The BSI inverse problem can be described by a linear model Y =LX+ E, in which a known
forward matrix L& RM™>N called lead field matrix, maps the electrical activity of the brain, X, to
the sensor measurements, Y . The measurement matrix Y € RM> T captures the activity of M

. . Mx1 ;_ . .
sensors at T time instants, Y(7) € R st0=1, ... T while the source matrix, X € RN%T
consists of the unknown activity of N  sources at the same time instants,

x(1) € RNX ls t=1,...,T Here we assume a zero-mean Gaussian prior with diagonal

covariance r'=diag(y) for the underlying source distribution. That is,
B — T

x(1) € RNXIN-A/(Oer)J=la---:T, where y_lyl"“’yN] contains N  distinct

unknown variances associated  to N modeled  brain sources. The  matrix

E=le(1),....e(T) e RMX Trepresents T time instances of zero-mean Gaussian noise with
full covariance A, €( 1) ~ A (0, A) . t=1,....T  which is assumed to be independent of the
source activations. By treating different time points as independent samples, the distributions of the
sources and measurements can be written as follows:
T T )
pexiry =[] #co. ) p(YIX) =[] #(1Lx(0), )
=1 =1
The goal is to infer the underlying brain activity X from the M/EEG measurement Y given the
lead field matrix L. Two main categories of algorithms for this problem include Maximum-a-Posteriori
(MAP) estimation or Type-I learning (Gramfort et al., 2012; Haufe et al., 2008; Pascual-Marqui, 2007)
and maximum-marginal-likelihood estimation (Type-II learning) (Tipping, 2001; Wipf & Nagarajan,
2009). Here, we focus on Type-II learning, which assumes a family of prior distributions r( X10)
parameterized by a set of hyper-parameters & . Particularly, we consider a subclass of Type-II
learning, known as sparse Bayesian learning (SBL), which models independent sources through a
diagonal covariance matrix. The parameters of the Type-II learning are the unknown source and noise
covariances, i.e., @ ={/", A} These hyper-parameters can be learned from the data along with the
model parameters using a hierarchical Bayesian approach (Tipping, 2001) through minimizing the

negative log of the marginal likelihood pCYII, A)  whichis given by:
,

1
PU(T,A) =—logp( YIT, A) =loglA+ LILT | + TZ y(0) T(A+LILT) ~ly(r) .
=1

2

where |- | denotes the determinant of a matrix. Given the final solution of the hyperparameters

ell= { rh, AH} , the posterior source distribution is obtained by plugging these estimates into the
following equations:
,

p(x1Y,1) =[] #(Xe0).Z ). where X(1) =ILT(X) 'y(1), X, =T-TLT(X) 'LT, £ =A+LILT.

: (3)

3. Proposed Method: Full-structure Noise (FUN) Learning

For optimization of Eq. (2), we present two theorems that result in a novel and efficient algorithm,
full-structure noise (FUN) learning, which is able to learn the full covariance structure of the noise
jointly within the Bayesian Type-II regression framework. We adopt the SBL assumption for the
sources, leading to I'-updates previously described in the BSI literature under the name Champagne
(Wipf & Nagarajan, 2009). As a novelty and main focus of this paper, we here equip the SBL
framework with the capability to jointly learn full noise covariances by invoking efficient methods
from Riemannian geometry, in particular the geometric mean. Note that the Type-II cost function in
Eq. (2) is non-convex and thus non-trivial to optimize. A number of iterative algorithms such as
majorization-minimization (MM) (Sun et al., 2017) have been proposed to address this challenge.
Following the MM scheme, we first construct a convex surrogate function that majorizes

& H( ILA) | Then, we show the minimization equivalence between the constructed majoring
functions and Eq. (2), which benefits from guaranteed convergence properties.

Theorem 1: Let Ak, T'* be fixed values obtained in the k-th iteration of the optimization
algorithm minimizing "4 H( I'A) | Then, optimizing the non-convex Type-II cost function, Eq. (2),
with respect to A is equivalent to optimizing the following convex function, which majorizes Eq. (2):
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For optimization of noise with respect to A, we consider solutions that lie in the
Riemannian manifold of positive definite (P.D.) matrices. This consideration enables us to invoke
efficient methods from Riemannian geometry (Petersen et al., 2006), leading to the following theorem:

Theorem 2: The cost function in Eq. (4) is strictly geodesically convex with respect to the P.D.

manifold, and its minimum with respect to A can be attained according to the following update rule:
1 1 1

= il il (5)
k+1 . (vky 2 ky ~L/ank ( 3k —1/2)2 ky 2
AT (Ey) ((Ey) MN(E}) (Ey)

Note that since we adopt the SBL assumption for the sources, i.e. independent sources with a
diagonal covariance matrix, the source variances can be obtained using a similar update rule derived in
the Champagne algorithm (Wipf & Nagarajan, 2009):

T . 6
T2 (xkn)? ©

Ch+1=diag(y*+ 1) . where y:fr+'<-— forn=1,....N,
L),

where Ln denotes the n-th column of the lead field matrix. The source and noise covariance

matrices that optimize cost function & H( I', A) can be obtained by alternating between Egs. (5)
and (6) until convergence. Convergence of the optimization programs is defined if the relative change
of the Frobenius-norm of the reconstructed sources between subsequent iterations was less than 10~ 8
. A maximum of 1000 iterations was carried out if no convergence was reached beforehand.

4. Results

We applied the FUN learning approach on the synthetic pseudo-EEG datasets (Haufe & Ewald,
2019) to recover the locations and time courses of the active brain sources. In addition to our proposed
approach, two other Type-II learning schemes, namely homoscedastic and heteroscedastic SBL (Chang
Cai et al.,, 2021; Hashemi et al., 2020), were also included as benchmarks with respect to source
reconstruction performance and noise covariance estimation accuracy. Here, we note that
heteroscedasticity refers to the common phenomenon that measurements are contaminated with
non-uniform noise levels across channels, while homoscedasticity only accounts for uniform noise
levels. Source reconstruction performance was evaluated according to the earth mover's distance
(EMD) (Rubner et al., 2000), and the error in the reconstruction of the source time courses between
each simulated source and the best (in terms of absolute correlations) matching reconstructed source.
We also report another metric for evaluating the localization error as the average Euclidean distance
(EUCL) (in mm) between each simulated source and the best (in terms of absolute correlations)
matching reconstructed source. For assessing the recovery of the true support, we also compute F L

=2x TP .

-measure scores = | * / P+ TP+ FP , where P denotes the number of true active sources,
while TP and FP are the numbers of true and false positive predictions. Note that perfect support
recovery, i.e., F 1:1, is only achieved when there is a perfect correspondence between ground-truth and

estimated support. To evaluate the accuracy of the noise covariance matrix estimation, the following
two metrics were calculated: the Pearson correlation, A 5™ and the normalized mean squared error
(NMSE) between the original and estimated noise covariance matrices. Each simulation was carried
out 100 times using different instances of X andE, and the mean and standard error of the mean
(SEM) of each performance measure across repetitions was calculated.

Figure 1 summarizes the performance result, showing that FUN learning consistently outperforms
its homoscedastic and heteroscedastic counterparts according to all evaluation metrics in particular in
low-SNR settings. Consequently, as the SNR decreases, the gap between FUN learning and the two
other variants increases. The convergence behaviour of all three noise estimation approaches is also
shown, which indicates that the FUN learning approach reaches lower negative log-likelihood values.
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5. Discussion

This paper focused on sparse regression within the hierarchical Bayesian regression framework
and its application in EEG/MEG brain source imaging. Note that the idea of joint estimation of brain
source activity and noise covariance with full covariance structure has been previously proposed for
Type-I learning methods (Bertrand et al., 2019). The authors in (Bertrand et al., 2019) proposed a
method to extend the group Lasso class of algorithms to multi-task learning in which the noise
covariance is estimated by performing an eigenvalue fit to the empirical sensor space residuals defined
in Eq. (4). In contrast to these Type-I methods, FUN is a Type-II method, which learns the prior source
distribution as part of the model fitting. Type-II methods have been reported to yield consistently
superior results than Type-I methods (C. Cai et al., 2019; Owen et al., 2012). Our numerical results
show that the same holds also for FUN learning, which performs on par or better than existing variants
from the Type-II family (including conventional Champagne) in this study. Besides, FUN learning uses
Riemannian geometry principles, e.g., the geometric mean between the sensor space residuals defined
in Eq. (4) and the previously obtained statistical model covariance. This consideration enables us to
robustly estimate the noise covariance as a part of the model, in contrast to the proposed method in
(Bertrand et al., 2019) that exploits the eigenvalues of the sensor space residuals - that only depends on
the data - for estimating noise covariance. We plan to provide a formal comparison of the performance
of noise learning within Type-I and Type-II estimation in our future work.

6. Conclusions

This paper describes a novel inference algorithm for hierarchical Bayesian regression models with
concurrent estimation of regression parameter distributions and Gaussian noise distributions with full
covariance structure. Capitalizing upon Riemannian geometry of positive definite matrices, we derived
an efficient inference algorithm with guaranteed convergence properties. Extensive simulation studies
demonstrate the usefulness and favorable performance of our proposed approaches.
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Figure 1. Source reconstruction performance of the simulated data with five active sources in presence
of full-structure noise at 0 (dB) SNR (upper panel), and for a wide range of SNRs (lower panel).
Topographic maps depict the locations of the ground-truth active brain sources along with the
source reconstruction results of three noise learning schemes. For each algorithm, the estimated
noise covariance matrix is also plotted above the topographic maps. The source and noise
reconstruction performance in terms of EMD, time course correlation (Corr), EUCL, F | measure,

ASI™ ynd NMSE is summarized in the associated table next to the upper panel example as well
as in the plots in the second row for statistical analysis with 100 times repetition.
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