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Abstract— We discuss the use of local basis expansions (LBEX)
for solving linear inverse problems with continuous source
spaces4. The LBEX method is a generalisation, to the linear in-
verse problem, of the multitaper technique3 for spectral analysis.
The multitaper technique employs Slepian sequences, that are
maximally concentrated in the frequency domain. The analog
for LBEX are combinations of lead fields which are spatially
concentrated in the source space. The method interpolates the
minimum norm (MN) and Backus-Gilbert (BG) techniques, and
is related to SOPHIA and beamspace methods in the context
of MEG inverse problems. The technique is quite general,
and applications include: localization of spontaneous activity,
simultaneous localization in source space and temporal frequency,
as well as semi-parametric localization of focal activity. Here we
present some specific applications to MEG.

Index Terms— Localization, Inverse Problem, Linear Estima-
tion, Spontaneous Activity, Magnetoencephalography.

I. I NTRODUCTION

Non-parametric approaches to the inverse problem clas-
sically fall into two broad categories: the minimum norm
approach (MN) and its derivatives, and the Backus-Gilbert
(BG) approach and its derivatives [1],[2]. We have developed
an intermediate approach, based on the multitaper method
of spectral analysis [3], termed localized basis expansions
(LBEX) [4], which captures the MN and BG approaches
as special cases, and provides insight into the nature of the
inverse problem. Particular strengths of this approach are:
substantial reductions in side lobe strength at a small expense
to the central lobe width, and improved variance propertiesfor
second order moment estimates such as current density power.
The latter is particularly useful for localization of spontaneous
activity.

Below we first describe the general LBEX methodology
followed by its application for a spherical head model. A
regularization procedure using a spherical harmonic filteris
briefly discussed. Results for the spherical head model and
MRI-constrained realistic model are presented.

II. LBEX M ETHODOLOGY-GENERAL

The key idea of the LBEX technique is to transform a
global basis set into a local basis set for a given local
region of interest (ROI). Such a transformation is achievedby
maximizing the energy concentration of the global basis set
in a given region of the source space. Effectively, we sacrifice
narrowband bias to reduce broadband bias, namely, we allow
the region of interest to be larger than the nominal resolution
limit so as to strongly suppress out-of-ROI current.

The normal component of magnetic field measurement at
the sensors is related to the primary current by the integral

equation,

Bm(r) =

∫
Ω′

∞

~Km(r′) · ~J (p)(r′)dΩ′ + N (1)

where r, r
′ are the points in the sensor and source space

respectively,Bm = B(rm), the normal component of the
magnetic field measured at sensorm, ~Km = ~K(r′, rm) the
magnetic forward solution (leadfield) at sensorm, ~J (p)(r′)
the primary current,Ω′

∞
the entire source space, andN the

additive noise.
Regularization: As a preprocessing step, we transform equa-

tion (1) by re-expanding it in terms of the eigenfunctions
of a discrete surface Laplaciandefined on the 2D sensor
space,Ω. For a spherical sensor space this corresponds to
an expansion in terms of spherical harmonics; more generally,
the eigenfunctions resemble, but are not identical to, spherical
harmonics. Components of the transformed sensor measure-
ments which correspond to very low eigenvalues capture
uniformly impresseddistant noise sources, and components
which correspond to high eigenvalues represent high frequency
(spatially uncorrelated) noise sources. Both these components
are removed.

Concentration Problem: For a given source space ROI,Ω′

∗
,

consider a linear transformation,cmn, of regularizedintegral
equation,(1). We seek a transformation that maximizes the
ratio of power due to activity within the ROI to activity over
the entire source space. This is equivalent to constructing
new leadfields,~K =

∑
c ~K, so that only a few are required

to represent the primary current within the ROI. The spatial
concentrationλ, analogous to the spectral concentration for
Slepian sequences [3], is defined as

λ = max
c

ct∆∗c

ct∆∞ c
(2)

where λ = [0, 1], and for m,n = 1, . . . , M = number of
sensors,

∆∗

mn =
∫
Ω′

∗

~Km(r′) · ~K∗

n(r′)dΩ′

∆∞

mn =
∫
Ω′

∞

~Km(r′) · ~K∗

n(r′)dΩ′
(3)

Maximizing this ratio leads to the generalized eigenvalue
problem (concentration problem), ∆∗c = λ∆∞c. The matrices
are Hermitian and positive-definite and can be simultaneously
reduced to a diagonal form. This transformation is a dependent
on the size, geometry and position of the ROI. The new
localized basisset possess the following properties,∫

Ω′

∗

~Km(r′) · ~K∗

n(r′)dΩ′ = ct
m∆∗cn = λmδmn

∫
Ω′

∞

~Km(r′) · ~K∗

n(r′)dΩ′ = ct
m∆∞cn = δmn

(4)
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Only a few eigenvalues (λ) are close to1, and a few
highly ROI-localized leadfields,~K, are retained to approximate
primary current within the ROI. The transformed equation,
C∗(1), is:

Bm =

∫
Ω′

∞

~Km(r′) · ~J (p)(r′)dΩ′ + Nm (5)

III. LBEX S PHERICAL MODEL

Consider a head model where the source and sensor spaces
are concentric thin shells with radiia and b (b > a) re-
spectively, and spherically symmetric conductivity profile. The
magnetic leadfield is,

~K(r′, r) =
µ0

4πb
r
′ ×∇′(

1

R
)

whereR = |r − r
′|, andµ0 the free space magnetic permit-

tivity. The ROI is chosen to be a spherical cap. We express
the leadfield as avector spherical harmonicexpansion,~K =∑

lm klm
~Vlm(Ω′)Ylm(Ω), where~Vlm = r

′ ×∇′Ylm andYlm

the spherical harmonics, and perform a spherical harmonic fit
of the measurements,B =

∑
lm BlmYlm(Ω). Neglecting very

low and high angular momental to filter out noise, the integral
equation is transformed to,

Blm =

∫
Ω′

∞

~Vlm(r′) · ~J (p)(r′)dΩ′

where lmin ≤ l ≥ lmax. We adopt lmin = 1, and lmax

is chosen from an examination of the corresponding sensor
time series. Applying the LBEX methodology, one solves
the concentration problem using~Vlm’s as theleadfields, ie.
~K = ~V .

IV. RESULTS

Below we show results for the first and second (power)
moment primary current estimates for an idealised spherical
geometry. We also consider the application of the LBEX
algorithm to a realistic source-space geometry.

For the spherical head model, Fig. 1 shows the concentra-
tion eigenvalue distribution for various source space ratio’s,
ρ = Ω′

∗
/Ω′

∞
. For small or limited ROI sizes, only a few

eigenvalues are close to1 and the corresponding ROI-localized
leadfields are retained. Fig. 2 shows the concentrated nature of
the transformed leadfields,~K. The figure shows the magnitude
of 2 leading source-space eigenfunctions for a concentration
angle ofπ/5, defined as the polar angle of the spherical cap
shaped ROI. Note that the scale is in decibels (dB).

For the spherical model, Figs. 3 & 4 show the magnitude
of the MN & LBEX crosstalk kernels for activity at the north
pole. The LBEX estimator has a slightly wider central peak,
but the side lobes lessen by an order of magnitude.

For the spherical model case, the LBEX resolution kernel
is symmetric. We have considered the case for a realistic
source-space geometry where the resolution kernel is no longer
symmetric and the crosstalk & point-spread functions are no
longer equivalent.

To apply LBEX to an MR-constrained source-space, one
selects a particular voxel (volume element) as the center of
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Fig. 1. Eigenvalues Distribution for the caseL = 7.

Fig. 2. The magnitude (note dB scale) of two leading source-space eigen-
functions for idealized spherical model for concentration angle θ0 = π/5.
The corresponding concentration eigenvalue is0.8336.

the ROI. One way to define the ROI is to take all voxels
encompassed within a specified radius. Activity within an ROI
is associated with its center. The ROI is then scanned over the
entire source-space.

Fig. 5 shows theleakageof the leading eigenvalue (in dB
scale) in the MR-constrained source-space. This shows to what
extent the leading eigenfunction is localized for a particular
voxel. The small leakage observed is a demonstration that
the LBEX has good crosstalk suppression. As one might
intuitively expect, the concentration eigenvalue is larger when
voxels are close to the sensors. While LBEX is designed to
optimize crosstalk function, it does nota priori minimise
the point-spread function. Fig. 6 compares the MN and
LBEX point-spread functions. The MN point-spread function
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Fig. 3. Crosstalk function of the MN (left column) and the LBEX(right
column). The LBEX crosstalk functions suppresses sidelobesby an order of
magnitude while keeping the main lobe approximately the same width. Note
the dB-scale.
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Fig. 4. Left: First moment resolution kernels for the MN (red) and
LBEX (blue) techniques, averaged over all possible dipole orientations. Right:
Second moment resolution kernels for the MN (red) and the LBEX (blue)
techniques.

is shifted and has large side lobes; the LBEX point spread
function has superior performance. This was found to be the
case in general.

In evoked-response experiments, time-series data recorded
at different times may be combined fairly safely; but for
spontaneous activity recordings, due to uniqueness of events,
averaging is not possible. In some cases, spontaneous signals
are strong enough to permit analysis without averaging. Us-
ing a Bti 148-multichannel system (BTi) in a magnetically
shielded room, data was collected from an awake 25-year old
healthy subject for two different runs: eyes-open and eyes-
closed. Fig. 7 shows8 − 13 Hz α -activity, which is damped
by opening of the eyes.

According to the preprocessing step described earlier, we
first obtain the eigenfunctions of a discrete Laplacian defined

Fig. 5. The leakageγ (γ = 10∗ log10(1−λ)) is shown on MR-constrained
source-space;λ is a leading eigenvalue.
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Fig. 6. The point-spread functions for the MN and LBEX techniques. Note
that the PSF peaks away from the source location in the MN reconstruction.

on the sensor space. The corresponding eigenvalues may be
thought of as spatial frequencies (in analogy with the indices of
spherical harmonic functions). In Fig. 8 we plot the frequency
spectra of the virtual channels thus obtained, as a functionof
increasing eigenvalue (or spatial frequency). Anα frequency
peak is visible for an intermediate range of spatial frequencies.
We truncate the date in the pre-processing step by retaining
only these spatial frequencies.

Localizations of parieto-occipitalα activity for eyes-open
and eyes-closed experiments are shown in Figs. 9 & 10
respectively. These results are consistent with occipitalsources
of the α-rhythm.

V. D ISCUSSION

A methodology has been developed for the inverse problem
inspired by the multitaper spectral analysis technique. The core
idea is to use a localized basis set instead of a global basis
set as in MN-like approaches, or a single function for a given
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Fig. 7. Spectra of the MEG time series for two experiments: eyes-open (red)
and eyes-closed (blue).
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Fig. 8. Frequency versus spatial frequency plots (top: eyes-closed bottom:
eyes-open) are shown of this figure. For any given frequency,the range of
the spatial frequencies where signal is dominated over the noise (white line)
can be obtained.
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Fig. 9. Space-frequency localization of spontaneousα-activity for eyes-
closed experiment.
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Fig. 10. Space-frequency localization of spontaneousα-activity for eyes-
open experiment.

ROI as in the Backus-Gilbert approaches. With respect to the
LBEX treatment of the linear inverse problems, we note:

• Spatial resolution: Narrowband bias is sacrificed to re-
duce broadband bias. Allowing the size of the ROI to be
slightly larger than the nominal resolution limit strongly
suppress out-of-ROI sources.

• LBEX allows for the localization of the means (evoked
responses) as well as second moments (fluctuating re-
sponses) using a unified framework.

• The use of multitaper spectral analysis method along
with the LBEX framework permits the simultaneous
localization of the spontaneous activity in source space
and frequency.

• LBEX permits a semi-parametric approach to the local-
ization of dipoles by suppressing out-of-ROI activity and
confining the dipole fitting procedure to a chosen ROI.
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