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Abstract. This article presents modeling of the spike trains of auditory nerve fiber (ANF) models 
stimulated by sinusoidally amplitude modulated pulsatile electric stimuli with inhomogeneous Poisson 
processes. It was investigated whether or not the intensity function of inhomogeneous Poisson process 
was represented by a periodic function of von Mises distribution. The results of computer simulations 
show that the intensity function estimated from the parameters of von Mises distribution is agreed well 
with the post-stimulus time histogram at a smaller modulation depth by performing the goodness-of-fit 
hypothesis test, Kuiper's test. These findings may play a key role in determining optimal parameters of 
pulsatile electric stimuli, and further in the design of better auditory neural prostheses. 
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1. Introduction 
Periodic or cyclic phenomena have been quantitatively analyzed by directional statistics, like von 

Mises distribution [Mardia and Jupp, 1999]. The auditory nerve spikes in response to natural sound 
pressure have also been expressed as directional statistics with random point processes [Ashida et al., 
2010], [vanHemmen et al., 2011], [vanHemmen, 2013]. 

However, it is yet unclear whether or not the electrically stimulated auditory nerves could be 
represented by inhomogeneous Poisson process [Snyder and Miller, 1991] with the intensity function 
specified by a periodic function of von Mises distribution, although some research regarding a point 
process framework has been reported [Goldwyn et al., 2010]. 

The objective of this article was to investigate whether or not the spike trains in response to 
sinusoidally amplitude-modulated pulsatile electric stimuli could be modeled by inhomogeneous 
Poisson process whose intensity function was represented by a periodic function of von Mises 
distribution through computer simulations.  

The intensity function of inhomogeneous Poisson process, λ(t), can be expressed as a periodic 
function of von Mises distribution: 
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where N(t) denotes the counting process, f denotes sinusoidal frequency, and κ and μ denote the 
parameters of von Mises distribution. X stands for the parameter relating to the firing rate.  

In this study, the validity of modeling is assessed by performing the single sample goodness-of-fit 
hypothesis test, Kuiper's test [Stephens, 1965], as the modulation depth of sinusoidally amplitude 
modulated pulsatile electric stimuli is varied.  
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2. Material and Methods 
The ANFs were represented by a multi-compartment cable model with a spiral ganglion with a 

diameter of 27  μm, and 40 nodes of Ranvier. The parameters of the ANF model are described in 
[Mino, 2007]. The 40 nodes of Ranvier consisted of stochastic ion channels, 180 sodium channels, and 
100 potassium channels, in order to generate plausible neural responses, like those observed in cat 
single-fiber experiments. The stochastic ion channels were implemented by the computationally 
efficient channel-number-tracking algorithm [Mino, 2002]. 

The transmembrane potentials of 200 ms in time length were generated for each simulation in 
which sampling steps were set at 2μs. The stimulating electrode was located at a distance of 1 mm 
above the 2nd node of Ranvier. The stimulating current, Istim(t), was expressed as: 
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where f stands for the sinusoidal frequency set at 20 Hz,φ denotes a randomized initial phase taking a 
value between 0 and 2π, m designates a modulation depth, set at 5, 8, 10, 12, 15, 17, or 20 % and 
where Ipulse(t) denotes the un-modulated biphasic, periodic pulsatile waveform at a pulse amplitude of 
0.275 mA, a pulse frequency of 250 Hz, and a pulse duration of 40 μs. 

The spike firing time was detected by determining when the transmembrane potential took the peak 
amplitude and was greater than 50 % of the peak amplitude of typical action potentials.  The post-
stimulus time (PST) histogram and period histogram were generated from the spike trains in response 
to the stimulating current presented repeatedly 150 times.  

The parameters of von Mises distribution were estimated from sample realizations of the spike 
trains of the ANF models in response to sinusoidally modulated low-rate pulsatile electric stimuli by 
maximizing the log likelihood function of inhomogeneous Poisson process: 
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where θ = [X  κ μ]T denotes the parameters of von Mises distribution. 
The single sample goodness-of-fit hypothesis test, Kuiper's test, was performed to determine if the 

random sample data could have the hypothesized continuous cumulative distribution function. The null 
hypothesis in this study is as follows:  ``The periodic spike timing data are sampled from a population 
of von Mises distribution''.  The significance level was set at 5 %. Kuiper's test is utilized for 
directional or circular data, instead of Kolmogorov-Smirnov (K-S) test, since the K-S test tends to be 
sensitive around median value of the distribution and less sensitive at the distribution tails. 

3. Results 
The sinusoidally amplitude modulated pulsatile electric stimuli as a function of time for 200 ms at 

f= 20 Hz and m= 5, 12, and 20 % are depicted in the top row of Figs. 1, 2, and 3. The dot raster plots of 
150 spike trains are shown in the middle row of figures. The post-stimulus time (PST) histogram is 
drawn with a bin width of 4 ms in the bottom row of figures, and the intensity function calculated from 
the estimated parameters is superimposed as well. 

The parameters of von Mises distribution were estimated with the maximum likelihood method 
from 150 sample realizations of the spike trains: X =11.67, κ=1.26, andμ=0.56 at m= 5 %,  X =8.91, 
κ=2.74, and μ=0.60 at m= 12 %,  and  X =14.70,  κ=2.90,  and μ=0.59  at  m= 20 %. 

At m= 5 %, the intensity function estimated from the parameters described above looks similar to 
PST histogram, as shown in Fig.1, but the vector strength (VS = 0.53) calculated fromκ is not good 
enough,  since an optimal value of VS is found to be about 0.7-0.8 in a single auditory nerve fiber  
[Joris et al., 2006]. The estimated intensity function shows a good agreement with the PST histogram, 
and the VS is estimated to be 0.78, at m= 12 %, as shown in Fig. 2. At m= 20 %, the estimated 
intensity function would look a little bit different than PST histogram, as shown in Fig.3. The intensity 
function estimated from the parameters of von Mises distribution is shown to be a good agreement 
qualitatively with the PST histogram obtained from the spike trains in response to the electric stimuli 
repeatedly presented 150 times, as shown in the bottom row of Figs 1-3.  
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Figure 1. The stimulating current waveform (top), the dot raster plot (middle), and PST histogram (bottom) with 

the intensity function estimated from the parameters of von Mises distribution (thick red line) at  hat X=11.67, 
κ=1.26, and hat μ=0.56, those corresponding to a firing rate of 16.77, and a vector strength of 0.53 at 
f=20 Hz and m= 5 %.  
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Figure 2. The stimulating current waveform (top), the dot raster plot (middle), and PST histogram (bottom) with 
the intensity function estimated from the parameters of von Mises distribution (thick red line) at  X=8.91,κ
=2.74, and μ=0.60, those corresponding to a firing rate of 35.47, and a vector strength of 0.78 at f=20 Hz 
and m= 5 %. 

To quantitatively assess the goodness-of-fit of von Mises distributions, Kuiper's test [Stephens, 
1965] was performed for period histogram at a significance level of 5 %, while the modulation depth m 
was varied as 5, 8, 10, 12, 15, 17, and 20 %.  

Fig.4 shows the cumulative distribution function (CDF) of von Mises distribution as a function of 
angle [0, 2π) and the sample cumulative distribution function calculated from the period histogram at 
f=20 Hz and m= 5 % (See the bottom row of Fig. 1).  The null hypothesis that the sample data were 
taken from a population of von Mises distribution was not rejected at a significance level of 5 % and at 
m= 5 %. 
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Figure 3. The stimulating current waveform (top), the dot raster plot (middle), and PST histogram (bottom) with 
the intensity function estimated from the parameters of von Mises distribution (thick red line) at  X=14.70, κ
=2.90, and μ=0.59, those corresponding to a firing rate of 65.97, and a vector strength of 0.59 at f=20 Hz 
and m= 5 %. 

 
Fig.5 also shows the CDF of von Mises distribution and the sample cumulative distribution 

function calculated from the period histogram at f=20 Hz and m= 12 %  (See the bottom row of Fig. 2). 
The null hypothesis was not rejected at a significance level of 5 % and at m= 12 %. At m= 20 %, the 
null hypothesis was rejected at a significance level of 5 %, due to the difference between two curves in 
Fig. 6, like the curve of the intensity function looks different from that of the PST histogram in the 
bottom of Fig.3. 
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Figure 4. The cumulative distribution function (CDF) of von Mises distribution as a function of angle [0, 2π) and 
the sample cumulative distribution function calculated from the period histogram at f=20 Hz and m= 5 %. 
The null hypothesis that the sample was taken from a population with cumulative distribution function was 
not rejected at a significance level of 5 % according to single sample goodness-of-fit hypothesis test for 
directional statistics, Kuiper's test. 
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Figure 5. The cumulative distribution function (CDF) of von Mises distribution as a function of angle [0, 2π) and 
the sample cumulative distribution function calculated from the period histogram at f=20 Hz and m= 12 %. 
The null hypothesis that the sample was taken from a population with cumulative distribution function was 
not rejected at a significance level of 5 % according to single sample goodness-of-fit hypothesis test for 
directional statistics, Kuiper's test. 
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Figure 6. The cumulative distribution function (CDF) of von Mises distribution as a function of angle [0, π) and 
the sample cumulative distribution function calculated from the period histogram at f=20 Hz and m= 20 %. 
The null hypothesis that the sample was taken from a population with cumulative distribution function was 
rejected at a significance level of 5 % according to single sample goodness-of-fit hypothesis test for 
directional statistics, Kuiper's test. 

 
It is summarized that the null hypothesis was not rejected at m = 5, 8, 10, and 12 %, whereas the 

null hypothesis was rejected at m =15, 17, and 20 %. It follows that the goodness-of-fit tended to 
disappear as the modulation depth m was increased greater than about 15 %, since the shape of period 
histogram tended to be close to uniform distribution. 

4. Discussion 
It has been shown that the spike trains of ANF models in response to sinusoidally amplitude 

modulated pulsatile electric stimuli can be modeled by inhomogeneous Poisson process whose 
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intensity function is represented by a periodic function of von Mises distribution, when the modulation 
depth m is set at or below 12 %. At a modulation depth greater than 12 %, the goodness-of-fit 
hypothesis was rejected by Kuiper's test with a significance level of 5 % due to a saturation of spike 
firing rates. 

It follows from the above that the modulation depth is related to the parameters of von Mises 
distribution, and likewise that the stimulating waveforms can be expected to be determined on the basis 
of the parameters of von Mises distribution,  X,  and κ, under the situation where the spike firing rate 
is not saturated. 

However, the modeling of inhomogeneous Poisson process without temporal history in the present 
study would not be good enough, because the neural spike trains are usually considered a random point 
process with spike timing history due to neural refractoriness. It would be worthwhile to incorporate 
the spike firing history into random point processes, when the vibration of sinusoidal modulation 
waveform could not be fast enough compared to neural refractory periods. Likewise, in the present 
study, the modulation frequency was set just for one case. Therefore, it would be necessary to access 
the validity of the proposed model, as the parameters are widely varied in future investigations. 

In conclusion, these findings may play a key role in determining optimal parameters of pulsatile 
electric stimuli, and further in the design of better auditory neural prostheses.  
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