
21 
 

 
 International Journal of Bioelectromagnetism www.ijbem.org 
 Vol. 12, No. 1, pp. 21 - 25, 2010  

  
 
 

Investigating Multivariate Systems using Directed 
Partial Correlation 

Wolfgang Madera,b,c, David Feessa,b,c, Dorothee Saurc, Rüdiger Langec, Volkmar 
Glauchec, Cornelius Weillerc, Jens Timmera,b,d, and Björn Scheltera,b 

aFreiburg Center for Data Analysis and Modeling, University of Freiburg, Germany 
bPhysics Department,University of Freiburg, Germany 

cDepartment for Neurology, University Medical Center of Freiburg, Germany 
d

 
Freiburg Institute for Advanced Studies, University of Freiburg, Germany 

Correspondence: Wolfgang Mader, University of  Freiburg, Center for Data Analysis and Modeling, Eckerstr. 1, 79114 
Freiburg im Breisgau.  E-mail: Wolfgang.Mader@fdm.uni-freiburg.de, phone +49 761 203-7710 fax+49 761 203-7700 

 

Abstract. Directed partial correlation is a measure for the likelihood of a directed direct 
interdependence in a multivariate system. Directed partial correlation is based on vector autoregressive 
processes, and is able to detect Granger causality in such systems. Because inference is entirely drawn 
from measured data no prior knowledge on the system under investigation is needed. 
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1. Introduction 
Nowadays, a variety of techniques to acquire data from real-world applications is available. Often, 

the analysis of such data leads to multivariate systems, as can be seen on estimating connectivity in the 
human brain. Functional magnetic resonance imaging (fMRI) is a data acquisition technique in this 
field, which offers good spatial resolution. Mathematically, one has to deal with the inverse problem to 
infer the network interaction structure based on the actual observations. In this manuscript we focus on 
the connectivity analysis of fMRI recorded time series using directed partial correlation (dPC). This 
analysis technique is completely data driven, and provides information on the likelihood of the 
presence of connections in a given set of regions. 

2. Method 

2.1. Granger Causality 
Following the definition of Granger-causality, a cause must precede its effects in time [Granger 

and Hatanaka, 1964; Granger, 1969]. In addition, if information of a process, which is Granger-causal 
to another one is used, the accuracy of the prediction of the latter process must increase. Therefore, in 
an 𝑛𝑛 -dimensional multivariate system 𝑋𝑋𝑉𝑉 , 𝑉𝑉 = {1, 2, … ,𝑛𝑛}  the process component 𝑋𝑋𝑗𝑗  is called 
Granger-non-causal for 𝑋𝑋𝑖𝑖  if the knowledge about 𝑋𝑋𝑖𝑖  based on the past of 𝑋𝑋𝑉𝑉|𝑗𝑗  , i.e. all components 
but 𝑋𝑋𝑗𝑗 , is the same as if the past of the entire process 𝑋𝑋𝑉𝑉  is used. Granger-causality is reflected in the 
coefficient matrixes 𝑨𝑨(𝑗𝑗) of a vector autoregressive (VAR[𝑝𝑝]) process of the order 𝑝𝑝 

 

𝑿𝑿(𝑡𝑡) = �𝑋𝑋1(𝑡𝑡)
⋮

𝑋𝑋𝑛𝑛 (𝑡𝑡)
� = ∑ 𝑨𝑨(𝑗𝑗)𝑿𝑿(𝑡𝑡 − 𝑗𝑗) + 𝜖𝜖(𝑡𝑡)𝑝𝑝

𝑗𝑗=1       (1) 

 
The matrix 𝑨𝑨(𝑗𝑗) is the 𝑗𝑗-th 𝑛𝑛 × 𝑛𝑛 coefficient matrix implementing the connections for the time 

lag 𝑗𝑗, and 𝜖𝜖(𝑡𝑡) is the 𝑛𝑛-dimensional white noise process with covariance matrix 𝚺𝚺. Two components 
of a VAR[𝑝𝑝] process can be correlated by nonzero off-diagonal elements in these matrixes 𝑨𝑨(𝑗𝑗). If 
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𝐴𝐴𝑘𝑘𝑘𝑘 (𝑗𝑗) ≠ 0 the component 𝑋𝑋𝑘𝑘  is Granger-causal for the component 𝑋𝑋𝑘𝑘 , because the knowledge about 
𝑋𝑋𝑘𝑘  increases, if the information from  𝑋𝑋𝑘𝑘  is included in the analysis. This situation represents a direct 
connection (Fig. 1(a)). Equation 2 implements this for 𝑋𝑋𝑘𝑘=1,𝑋𝑋𝑘𝑘=2  and time lag 𝑗𝑗 = 1. If both 
𝐴𝐴𝑘𝑘𝑘𝑘(𝑗𝑗) ≠ 0, and 𝐴𝐴𝑘𝑘𝑘𝑘 ≠ 0, but 𝐴𝐴𝑘𝑘𝑘𝑘 = 0, then 𝑋𝑋𝑘𝑘  is Granger-non-causal for 𝑋𝑋𝑘𝑘 , although there is an 
information flow from 𝑋𝑋𝑘𝑘  to 𝑋𝑋𝑘𝑘 , but this flow is mediated through 𝑋𝑋𝑘𝑘; this is an indirect connection 
as sketched in (Fig. 1(b)). 

 

 
1(a) A direct connection between 𝑿𝑿𝒍𝒍 and 𝑿𝑿𝒌𝒌 

 
2(b) An indirect connection between 𝑿𝑿𝒍𝒍  and  𝑿𝑿𝒌𝒌 

Figure 1: Connection schemes: (a) shows a direct connection (b) an indirect one. It is important to 
distinguish direct and indirect connections to avoid false positive conclusions. For the sake of clarity time lags are 
not indicated. 

 
A nonzero off-diagonal element in the covariance matrix 𝚺𝚺 of the noise 𝜖𝜖(𝑡𝑡) also leads to a 

correlation of two processes. This is a Granger-non-causal correlation because the influence is 
instantaneous. Such a correlation should be referred to as instantaneous interaction. Instantaneous 
interaction is usually an effect caused by a sampling rate lower than the processes’ dynamic, or by 
actual correlated noise. 

Because every nonzero entry occurs at a specific time lag 𝑗𝑗 it is also possible to infer the delay by 
which the signal is transferred from one component to another. This is discussed further below (see Eq. 
3). Conclusively, the coefficient matrices of a VAR process contain the information of directed direct 
signal propagation in multivariate autoregressive systems. 

 

𝑿𝑿(𝑡𝑡) = �0.6 ∙ 𝑋𝑋1(𝑡𝑡 − 1) + 0.5 ∙ 𝑋𝑋2(𝑡𝑡 − 1)
0.6 ∙ 𝑋𝑋2(𝑡𝑡 − 1) � + 𝜖𝜖(𝑡𝑡) = �0.6 0.5

0 0.6� ∙ �
𝑋𝑋1(𝑡𝑡 − 1)
𝑋𝑋2(𝑡𝑡 − 2)� + 𝜖𝜖(𝑡𝑡)  (2) 

 

3. Directed Partial Correlation 
In contrast to several frequency domain measures like the directed transfer function [Kamiński and 

Blinowska, 1991] and partial directed coherence [Schelter et al., 2006b; Winterhalder et al., 2005; 
Schelter et al., 2006a], directed partial correlation [Eichler, 2006] is a measure in the time domain 
based on the VAR[𝑝𝑝] model. Directed partial correlation 𝜋𝜋𝑖𝑖𝑗𝑗  is defined for the time lag 𝜏𝜏 by 

 
𝜋𝜋𝑖𝑖𝑗𝑗 (𝜏𝜏) =

𝐴𝐴𝑖𝑖𝑗𝑗 (𝜏𝜏)

�Σij ρij (t)
        (3) 

with 

𝜌𝜌𝑖𝑖𝑗𝑗 (𝜏𝜏) = 𝐾𝐾𝑖𝑖𝑗𝑗 + ∑ ∑ 𝐴𝐴𝑘𝑘𝑗𝑗 (𝑘𝑘)𝐾𝐾𝑘𝑘𝑘𝑘𝐴𝐴𝑘𝑘𝑗𝑗 (𝑘𝑘) +
𝐴𝐴𝑖𝑖𝑗𝑗

2 (𝜏𝜏)

Σ𝑖𝑖𝑖𝑖
𝑘𝑘 ,𝑘𝑘∈𝑉𝑉

𝜏𝜏−1
𝑘𝑘=1      (4) 

 
Here, the matrix 𝑲𝑲 = 𝚺𝚺−1 is the inverse of the covariance matrix 𝚺𝚺 of the noise. For 𝜏𝜏 = 0, Eq. 

(3) simplfies to 
 
𝜋𝜋𝑖𝑖𝑗𝑗 (0) =

Σij

�Σ𝑖𝑖𝑖𝑖 Σ𝑗𝑗𝑗𝑗
        (5) 

 
which is the cross-correlation of the noise 𝜀𝜀. In contrast to ordinary cross-correlation analysis, the 

dPC at time lag 𝜏𝜏 = 0 contains the entries of the covariance matrix of the driving noise in the 
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autoregressive model. Thus, 𝜋𝜋𝑖𝑖𝑗𝑗 (0) describes the instantaneous interactions that cannot be explained 
by the past of the multivariate process. 

When applying this to data, the estimates of the elements of coefficient matrices �̂�𝐴𝑘𝑘𝑘𝑘 (𝑗𝑗) of 𝐴𝐴𝑘𝑘𝑘𝑘  
and the estimates of the covariance matrix entries Σ�𝑘𝑘𝑘𝑘  of Σ𝑘𝑘𝑘𝑘  replace their true values in the above 
equations. For estimation procedures for instance refer to [Lütkepohl, 1993]. The statistics for dPC is 
also known [Eichler, 2006]. This allows a rigorous statistical assessment of interactions at certain time 
lags. Since dPC is a method purely relying on the actual observations, no prior knowledge about the 
network structure is needed. The only parameter to choose is the order 𝑝𝑝 of the VAR[𝑝𝑝] process. The 
length of the time series under investigation mostly determines this parameter. Therefore, the model for 
the analysis is fixed, and no model selection strategies are needed, even if no prior knowledge is 
available. The dPC provides statistically proposed results on the network structure. 

 
 
Figure 2: This time course has been simulated using dynamic causal modeling as forward model. It is an 

example of a  time course used in our simulations. 

4. Simulation Study 
To demonstrate the strengths and limitations of directed partial correlation, two simulations are 

presented. Since we are interested in fMRI data, dynamic causal modeling [Friston et al., 2003] as 
implemented in SPM5 has been used as forward model to simulate fMRI measurements (Fig. 2). We 
assume independent driving noise in every neuron in the human brain. If component 𝑋𝑋𝑘𝑘  influences 
component 𝑋𝑋𝑘𝑘  then information specific for 𝑋𝑋𝑘𝑘  can be found in the time series of 𝑋𝑋𝑘𝑘 . This part of the 
time series of 𝑋𝑋𝑘𝑘  contains the information to which extend 𝑋𝑋𝑘𝑘  is influenced by 𝑋𝑋𝑘𝑘 . To counterfeit 
this circumstance, independent noise processes acting on every region extended DCM. The simulated 
networks are sketched in Fig. 3 and Fig. 4. For each of the two networks 100 realizations have been 
simulated. Every realization consists of 256 data points. This is a length typically obtained in actual 
fMRI experiments. The stimulus onsets are uniformly distributed on the full length of the time series 
and the length of the stimuli are drawn from a Gaussian distribution with a mean of 7 data points and a 
standard deviation of 5 data points; for negative values the absolute value has been taken. The scan 
interval has been set to 2.2s. This is also typical for measured data when scanning the whole brain. 
Note that the figures of the networks (Fig. 3, Fig. 4) only show those inputs, which contain Gaussian 
noise plus the external stimulus. All other regions receive input, which solely consists of Gaussian 
noise. For every single realization we estimated the directed partial correlation. To obtain the group 
result, the dPC value of every realization is divided by the significance level evaluated for this 
realization. If this fraction 𝐹𝐹 is larger than 1 this connection is considered significant. From all 
realizations we estimated the mean 𝐹𝐹� and the standard deviation 𝜎𝜎𝐹𝐹  of 𝐹𝐹. We call a connection 
significant for the group if |𝐹𝐹�| − 2 ⋅ 𝜎𝜎𝐹𝐹  is larger than 1. 
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4.1.  Results of the Simulations 
The results for the two simulations are shown in Tab. 1 and Tab. 2. Every measured data point is 

one time step for a VAR process. The sampling rate defines its time scale. Events in the real-world, 
which are on a faster time scale than the sampling rate, cannot alter the matrixes 𝑨𝑨(𝑗𝑗) of the VAR 
process, but the covariance matrix 𝚺𝚺 of the noise. Since the signal transmission between neurons is 
much faster than the time resolution of the scanner of 2.2s, all detected interactions appear as 
instantaneous ones. 

For the first network presented in Fig. 3, the connections between regions 1–2, 2–3, 2–4, and 4–5 
are significant (cf. Tab. 1). For all the remaining connections the group averaged directed partial 
correlations 𝐹𝐹� are lower than 1, indicating, that these components were not directly interacting. When 
comparing this with the true network, dPC has correctly revealed the network structure from the 
simulated time courses. For the second network shown in Fig. 4, the connections between regions 1–2, 
2–3, 2–4, and 4–5 are significant. For all remaining interactions 𝐹𝐹� again is lower or compatible with 
one. Compared to the true simulated network, all but the connection 1–5 have been correctly 
reproduced by dPC analysis. Because observational noise is present, which in general can only 
diminish the true interaction strength when learned from measured data, this might well lead to the fact 
that the connection between region 1 and region 5 is not detected.  

 

 
 

Figure 3: Network used for the first simulation. 
The labels beside the arrows denote the connection 
strength used in dynamic causal modeling. All regions 
receive input, which consists of Gaussian noise; only 
the inputs which do have additionally stimulus 
information are shown. 

 
 

Figure 4: Network used for the second 
simulation. See Fig. 3 for further explanations. 

The loop between region 4 and 5 is found as a single connection since dPC cannot resolve the 
direction of information flow as discussed above. We emphasize here that all interactions we have 
detected in the simulations are truly there. No false positive connections have been observed. This 
behavior of directed partial correlation analysis is especially important when applied to real-world data. 
False positive conclusions about the networks are prevented. A more in detail simulation study and the 
application to real-world data can be found in [Eichler, 2005; Mader et al., 2008]. 

 



25 
 

Table 1: Results of the first network estimation 
with simulated fMRI data (Fig. 3). The signal-to-noise 
ratio ranges from 2:1 to 8:1. The shown values are the 
means 𝑭𝑭� of 100 individual realizations. The 𝟐𝟐𝟐𝟐 
range of the mean is 0.1 in each case. The values of the 
revealed connections are set in bold. 

 1 2 3 4 
2 2.5    
3 0.7 2.0   
4 -0.8 2.0 0.6  
5 -0.3 0.7 0.3 2.6 

 

Table 2: Results of the second network estimation 
with simulated fMRI data (Fig. 4). For further 
explanations see Table 1. The 2σ range is 0.1 for all 
values, except the value in row 4 column 1 which has a 
𝟐𝟐𝟐𝟐 range of 0.2. 

 1 2 3 4 
2 2.5    
3 0.7 2.0   
4 0.3 1.6 0.4  
5 1.0 0.4 0.0 2.2 

 

5. Discussion 
This manuscript outlines the theory of directed partial correlation. By investigating simulated data 

we have shown the abilities as well as the limitations of this method. Even if not always all present 
direct connections can be found, dPC is not likely to lead to false positive conclusions. This is of 
particular importance once the technique is applied to real-world data. 

Directed partial correlation allows extracting information of the underlying network structure 
without the necessity to include prior knowledge, which is a useful quality for exploratory studies. 
When dealing with fMRI, the approaches followed most often are based on prior knowledge of the 
network structure. For instance, in dynamic causal modeling [Friston et al., 2003] one has to fix the 
topology of the network first, then the interaction strengths are estimated. In many applications the true 
network topology is unknown. In those cases dPC can help to explore the topology of a network and 
deliver the prior knowledge needed for further investigations. 

However, directed partial correlation itself already provides the researcher with certain information 
about the interactions in networks. Although the normalized directed partial correlations 𝐹𝐹  as 
introduced above does not immediately indicate the strengths of interactions, dPC does quantify the 
importance of certain interactions. The importance is thereby measured as the likeness for the presence 
of a certain connection. 
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