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Abstract. Myocardial ischemia is one of the leading causes of morbidity and mortality in the western 
countries. It is of importance to efficiently and accurately detect and localize ischemia in the early 
stage. The solution of the inverse problem of electrocardiography provides a promising noninvasive 
approach for the localization of ischemic areas. However, the general electrode configuration of 
multichannel ECG utilized in the inverse problem is not optimized for this application. In the present 
investigation 153 ischemic areas of different sizes and at various sites in the entire left ventricle are 
simulated with a cellular automaton and the corresponding body surface potentials are computed using 
the finite element method. The body surface potential distributions in ST-interval of different 
myocardial ischemic areas are analyzed using singular value decomposition in order to determine the 
optimal electrode configuration of multichannel ECG for the reconstruction of ischemia by solving the 
inverse problem. The inverse problem is solved using the classical Tikhonov regularization and the 
maximum a posteriori based regularization. The reconstructions from the ECGs recorded by the 
optimized electrode configuration show significant improvement over those from the previous 
configuration. 
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1. Introduction 
Myocardial ischemia occurs when the oxygen supply to the heart is insufficient, e.g., a coronary 

artery is blocked. If the condition persists, permanent damage to the myocardium will emerge, i.e., 
myocardial infarction develops. Myocardial infarction is one of the leading causes of morbidity and 
mortality in the western world. Nowadays, 12 standard leads ECG is the routine tool to assess 
myocardial ischemia in the clinical practice. In addition, blood tests may also be performed, in which 
biomarkers of ischemia are checked [Christenson et al., 2005; Apple et al., 2005]. However, the 
localization of ischemia is mainly conducted by the visual analysis of standard ECGs [Kusumoto, 
2009], which is strongly dependent on the physician’s experience and bears the individuality of the 
patient’s torso geometry. Some tomographic techniques can also employed to image ischemia, i.e., 
myocardial perfusion scintigraphy. However, the high cost and long procedure time limit the wide 
application of such techniques in the clinic. Therefore, it is highly important to find a reliable method 
to localize ischemia fast and with high accuracy. The inverse electrocardiographic problem, also called 
the cardiac electrical source imaging, is to reconstruct the electrical activities in the heart from 
multichannel ECG measured on the body surface [van Oosterom A, 1997; Macleod RS and Brooks DH, 
1998; Dössel O, 2000]. It is a promising non-invasive and relative low cost tool to improve the 
accuracy of localization of ischemia, and provides important information for the diagnosis and 
treatment of myocardial ischemia. 

In order to obtain a better understanding of the pathology of myocardial ischemia, many research 
projects have been carried out in the scope of mathematical modeling of cardiac dynamics in the last 
years [Ferrero JM et al., 2003; Rodriguez B et al., 2006; Weiss DL et al., 2009]. In the mean time, the 
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effects of myocardial ischemia on ECG have also been further studied using computer simulations 
[Hopenfeld B et al., 2004; MacLachlan MC et al., 2005; van Dam PM et al., 2007; Ruud TS et al., 
2009]. Reconstruction of myocardial ischemia by means of solving the inverse electrocardiographic 
problem has received considerable attention as well. Recently, many novel methods have been 
introduced for improving the reconstruction quality of ischemia, e.g., model-based optimization [Li G 
and He B, 2004; Farina D and Dössel O, 2007], maximum a posteriori (MAP) based regularization 
[Jiang Y et al., 2007b] and the level set method [Nielsen BF et al., 2007]. 

However, the inverse problem of electrocardiography is ill-posed. The major cause of the ill-
posedness is the limited spatial resolution of ECG measurement. The 12 standard leads ECG with 9 
electrodes is far from sufficient concerning the large number of unknown sources in the heart. 
Therefore, multichannel ECG, also called body surface potential mapping (BSPM) using a large 
number of electrodes, is deployed in the inverse problem of electrocardiography. On one hand higher 
spatial resolution of ECG and hence the better quality of the inverse solutions can be achieved by 
increasing the electrode quantity, but on the other hand a system consisting of too many recording 
electrodes will be impractical in the clinical application and some of the electrodes can be redundant. 
Therefore, a balance point between the electrode number and the quality of inverse reconstruction has 
to be found. Furthermore, the electrode positions should be arranged appropriately so that the most 
important and useful parts of body surface signals can be recorded with adequate spatial resolution. 
Many investigations have been undertaken to optimize the electrode positions of multichannel ECG 
measurement using different approaches, e.g., the spatial frequency analysis [Usui S and Araki H, 
1990], the null-space theory [Dössel O et al., 1998] and the local linear dependency (LLD) maps 
[Hintermüller C et al., 2006]. 

Most of the work mentioned above aim at an optimal electrode configuration from a point of view 
of the generic inverse electrocardiographic problem. On the contrary, the present study will focus on 
the reconstruction of myocardial ischemia. The most observable symptom of myocardial ischemia 
shown in ECG is ST-elevation or ST-depression. Therefore, an optimal electrode configuration is to be 
determined, which covers the most significant spatial patterns of BSPMs provoked by myocardial 
ischemia during the ST-interval. In this study 153 myocardial ischemic areas of different sizes and at 
various sites in the entire left ventricular wall (including septum) using a cellular automaton are 
simulated and the corresponding body surface potentials are computed using the finite element method. 
The ST-integral maps of these simulated BSPMs are calculated and then analyzed in terms of singular 
value decomposition (SVD). After obtaining the optimal electrode positions the inverse problem is 
solved using the Tikhonov 2nd-order regularization and the MAP-based regularization with the 
original and the optimized electrode configurations. It can be clearly observed that the optimized 
electrode configuration delivers overall better results in comparison to the original electrode 
configuration. 

2. Material and Methods 

2.1. Anatomical Model 

The individual 3D anatomical model of a patient’s torso is built from MRI-scans with a resolution 
of 4mm  4mm  4.69mm . The MRI-dataset is segmented and classified to different tissue classes and 
converted to a voxel-based model with a resolution of 2mm  2mm  2mm . The model includes heart, 
lungs, liver, simplified gastrointestinal tract and other important tissues (see Fig. 1a). The heart 
geometry is obtained from short axis MRI-scans with a resolution of 2.26mm  2.26mm  4mm . The 
excitation conduction system including bundle branches, fascicles and Purkinje fibers as well as the 
fiber orientation are built into the ventricles (see Fig. 1b). A tetrahedron-based finite element mesh 
used in the forward and inverse computations is then generated from the voxel-based model. The 
appropriate conductivity values for different tissues are added to the volume conductor [Gabriel C et 
al., 1996; Gabriel S et al., 1996a; Gabriel S et al., 1996b]. 
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Figure 1. Computer model of a patient: torso (a) and heart (b). The model is shown half transparently. 

2.2. Cellular Automaton 

A rule-based cellular automaton is utilized to simulate the excitation propagation in the heart 
[Farina D, 2008]. Every voxel in the heart model presents a patch of cardiac cells. A voxel can be 
activated by the neighboring excited voxels. After activation the state transition of the present element, 
i.e., change of transmembrane voltage, complies with the action potential curves, which are extracted 
from a cardiac cell model [ten Tusscher KHWJ et al., 2004]. The transmural heterogeneity of 
myocardium is also taken into account in the cellular automaton. The simulation is conducted in the 
voxel-based heart model with a spatial resolution of 1mm 1mm 1mm  and a time step of 1ms. The 
simulation results are saved every 4ms. 

2.3. Modeling of Myocardial Ischemia 

Myocardial ischemia typically consists of non-excitable tissue in the center and a transition zone 
from the non-excitable tissue to the normal tissue. In the central region no electrical excitation exists; 
in the transition zone cardiac cells are still excitable but the activity of the cells is reduced. Myocardial 
ischemia can be modeled by changing the local parameters for the excitation amplitude and 
propagation velocity in the cellular automaton according to the function represented in Fig. 2 [Farina D, 
2008]. Furthermore, an ischemic area is defined by 5 parameters, i.e., the 3 coordinates of the ischemia 
center, the radius of ischemic area in mm and the thickness of the transition zone.  

 
Figure 2. The dependence of excitation amplitude and propagation velocity from the distance to the center of 

myocardial ischemia. The unit length 1 in x-axis indicates the radius of ischemic area. 

2.4. Forward Computation 

The distribution of transmembrane voltages at each time instant during the cardiac cycle, which is 
obtained from the cellular automaton, is interpolated onto the tetrahedron mesh. The relation between 
the potentials on the body surface and the transmembrane voltages in the heart can be described by the 
bidomain equation [Miller WT and Geselowitz DB, 1978; Tung L, 1978] 
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  (( i  e )e )   ( iVm) in   (1) 
with the Dirichlet and Neumann boundary conditions 
  D  on 1   (2) 
 ( i  e ) e n  0 on 2   (3) 
where 
  i  = intracellular conductivity tensor 
  e  = extracellular conductivity tensor 
 e  = extracellular potentials 
 Vm  = transmembrane voltages 
   = a finite domain of the volume conductor 
 1 = the boundary where the zero potential is defined 
 2 = the boundary between torso and air. 
 

The finite element method (FEM) is applied to solve the Poisson’s equation (Eq. 1) because of its 
ability to handle complex geometries and inhomogeneous anisotropic media. 

2.5. Optimization of Electrode Positions 

In the present study the optimization of electrode positions is based on the analysis of the singular 
vectors of ST-integral maps. Different ischemic areas in the left ventricle are simulated and the 
corresponding BSPMs are computed. The ST-integral maps are calculated for all ischemic areas and 
stored in a matrix B  with one ST-integral map (related to one ischemic area) as one column. The 
singular value decomposition is performed on B : 
 

 B UV *  uisivi
T

i1

n

   (4) 

where 
 U  = unitary matrix containing left singular vectors 
   = diagonal matrix with nonnegative singular values on the diagonal 
 V  = unitary matrix containing right singular vectors 
 ui  = the ith left singular vector 
 si  = the ith singular value 
 vi  = the ith right singular vector. 
 

The left singular vectors ui  of the ST-integral maps are the spatial patterns that appear in the body 
surface potentials in ST-interval. Every ST-integral map is a linear combination of all the spatial 
patterns. Because the singular values si  are sorted in descending order, the first several left singular 
vectors with large singular values are more influential than others, whereas, the singular vectors with 
small singular values are negligible. Therefore, the optimal electrode configuration should cover the 
regions, where the first several important left singular vectors show the strongest magnitudes. Different 
density of electrodes within this region is not considered in this work mainly due to the practical 
problems in placing electrodes with extremely small distance to the body of the patient. 

2.6. Inverse Problem 

The inverse problem is generally formulated as 
 
 Ax  e  b    (5) 
where 
 x  = unknown sources 
 b = observations 
 A  = transfer matrix 
 e  = error of all kinds. 
 

Concerning the inverse electrocardiographic problem, x  is the cardiac sources, e.g., tansmembrane 
voltages in the present work, b is multichannel ECG signals, and the transfer matrix A  describes the 
relation between transmembrane voltages in the heart and ECG on the body surface. As for many 
inverse problems in other engineering fields, the inverse problem of electrocardiography is ill-posed 
[Tarantola A, 2005]. Small error in the measurement or model can lead to ultimate fluctuation in the 
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inverse solution. For this reason, regularization techniques have to be employed in the inverse problem 
to improve the stability of the inverse solution. 

The first regularization method applied in this study is Tikhonov regularization. It is a classical 
method to solve the inverse problem [Tikhonov AN and Arsenin VY, 1977]. It uses general 
information about the solution for constraints besides the L2-norm residual. In this method the 
following minimization problem is considered: 
 

 x  arg min
x

b Ax
2

2  2 Lx
2

2   (6) 

where 
   = regularization parameter 
 L  = regularization operator 
 x  = inverse solution related to  . 
 

In the case of 2nd-order regularization, as used in this study, the regularization operator L  is the 
Laplacian operator. The selection of the regularization parameter   is important for the quality of 
inverse solution. In the present work it is determined by using the criterion of “L-curve” [Hansen PC, 
2001]. 

The other method of regularization employed here is the MAP-based regularization. It was taken 
out in 1960’s by applying the idea of the famous Wiener filter to matrix inversion [Foster M, 1961] 
and then widely applied in the inverse problem. The advantage of the MAP-based regularization is the 
ability to incorporate statistical information about the unknown sources directly. The first attempt to 
apply the MAP-based regularization in the inverse problem of electrocardiography was in 1970’s 
[Martin RO, 1970; Martin RO et al., 1975]. However, at that time the knowledge about cardiac sources 
was very limited. With the development of the forward computation and experimental measurement, 
more and more a priori information is obtained from simulation results or measurement data. Recently, 
considerable progress has been made in the application of the MAP-based regularization [van 
Oosterom A, 1999; Farina D et al., 2005; Jiang Y et al., 2006; Serinagaoglu Y et al., 2006; Jiang Y et 
al., 2007a; Jiang Y et al., 2007b; Onal M and Serinagaoglu Y, 2008; Jiang Y et al., 2008b]. 

The inverse solution of the MAP-based regularization is given by 
 
 ˆ x  Cx AT (ACx AT Ce )1b   (7) 
where 
 Cx  = the covariance matrix of sources 
 Ce  = the covariance matrix of errors. 
 

In the present study the ST-integral of multichannel ECG is taken as input and the output is the 
integral of transmembrane voltages in the ST-interval, correspondingly. Because of the linearity of Eq. 
1 the following equation is still true. 
 
 A x

ST

  e
ST

  b
ST

   (8) 

 
Since the distribution of transmembrane voltages stays nearly constant during the whole ST-

interval, the myocardial ischemic area can be recognized in the ST-integral of transmembrane voltages. 
Moreover, by applying the ST-integral the effect of measurement noise can be reduced. 

3. Results 

3.1. Forward Simulation 

In the present study the left ventricle is subdivided into 17 segments (see Fig. 3b and 3c) according 
to the recommendation from the American Heart Association (see Fig. 3a) [Cerqueira MD et al., 2002; 
Keller DUJ et al., 2006]. 
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Figure 3. The nomenclature of 17 AHA segments in left ventricle [Cerqueira MD et al., 2002] (a) and the 

subdivision of the left ventricular model according to the AHA suggestion shown in two aspects (b) (c). 

In each segment 3 types of ischemia are simulated, i.e., subendocardial, transmural and 
subepicardial ischemia. For each type, 3 different sizes are considered, i.e., 10mm, 20mm and 30mm 
for the radius of ischemic area. Thus, in total 153 different myocardial ischemic areas are simulated 
throughout the entire left ventricle and septum. As examples, 6 simulated ischemic areas with various 
sizes and in different segments are shown in Fig. 4. 

 
Figure 4. Simulated apex ischemia (segment 17) with radii of 10mm (a), 20mm (b) and 30mm (c); simulated 

subendocardial (d), transmural (e) and subepicardial (f) ischemia with a radius of 20mm in the apical 
lateral segment (segment 16). The distribution of transmembrane voltages during ST-interval is shown 
in a cross-section of heart. 

By solving the forward problem the corresponding 153 BSPMs are obtained. For the further 
investigation ST-integral maps are calculated. 6 ST-integral maps related to the 6 ischemic areas 
shown in Fig. 4 are presented in Fig. 5. 

 
Figure 5. The ST-integral maps corresponding to the simulated apex ischemia (segment 17) with radii of 10mm 

(a), 20mm (b) and 30mm (c); The ST-integral maps corresponding to the simulated subendocardial (d), 
transmural (e) and subepicardial (f) ischemia with a radius of 20mm in the apical lateral segment 
(segment 16). 
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3.2. Optimization of Electrode Positions 

Due to the detailed computer model, it is very time costly to involve all the nodes on the body 
surface in the singular vector analysis. Therefore, 663 nodes distributed evenly on the torso surface are 
selected for the analysis. The first 5 left singular vectors are taken into account. In order to provide a 
clear overview of the analysis results, the singular vectors are normalized after taking absolute value 
(see Fig. 6a to 6e) and then summed up (see Fig. 6f). 

 
Figure 6. The first 5 left singular vectors of the 153 simulated ST-integral maps after taking absolute value and 

normalization (a) (b) (c) (d) (e); the sum of the first 5 normalized left singular vectors after taking 
absolute value (f). 

In this work the electrode positions of a 64-channel ECG measurement system is optimized. The 
original electrode configuration is shown in Fig. 7a. It consists of 7 strips of electrodes. 4 strips (48 
electrodes) are located bilateral symmetrically on the front side of thorax and 3 strips (16 electrodes) 
are placed on the left lateral side of thorax. In the optimized configuration (see Fig. 7b) 52 electrodes 
are located on the front side of thorax, 4 electrodes on the back and 8 electrodes on the left shoulder. 
The electrodes cover the regions where the strongest signals show in Fig. 6f. 

 
Figure 7. The original electrode configuration (a) and the optimized electrode configuration of 64-channel ECG 

system. 

3.3. Inverse Problem 

In the present study transmembrane voltages are chosen as source model. 4502 nodes in the 
ventricular model are selected. Transfer matrix is then constructed describing the relation between 64 
ECG measurements on the body surface and 4502 unknown sources in the heart. Two transfer matrices 
are calculated, i.e., one for the original electrode configuration and one for the optimized electrode 
configuration. The condition number and singular values of these two transfer matrices are computed 
in order to evaluate the electrode configurations with the respect to the null-space theory. The 
condition number of transfer matrix calculated from the original electrode configuration is 6.25e+06 
and the optimized configuration reaches a condition number of 2.26e+06. The singular values of two 
configurations are shown in Fig. 8. 
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Figure 8. Singular values of the transfer matrices for the original electrode configuration (Conf. 1) and the 

optimized electrode configuration (Conf. 2). 

The ST-integrals of simulated ECGs, which are forward calculated from the 153 simulated 
ischemic areas, are taken as the input of the inverse problem. The inverse problem is solved with the 
original and optimized electrode configurations, separately. The output of the inverse problem is then 
the ST-integral of transmembrane voltages, in which the ischemic area can be identified at its 
minimum. To evaluate the quality of the inverse problem the inverse solutions are compared with the 
simulated references. The criterion is that the more similar the solution and the reference are, the better 
the inverse solution. 

The Tikhonov 2nd-order regularization is used at first. The optimal regularization parameter is 
determined using the “L-curve” method. The correlation coefficients between the simulated references 
and the reconstructions obtained with Tikhonov 2nd-order regularization using the original and 
optimized electrode configurations for all 153 ischemic areas are plotted in Fig. 9. The reconstructed 
ischemic areas of two cases, i.e., the basal inferoseptal transmural ischemia (segment 3) with a radius 
of 30mm and the mid anterolateral transmural ischemia (segment 12) with a radius of 20mm, are 
shown in Fig. 10. 

The second method utilized in this study is the MAP-based regularization. The simulated 153 
ischemic areas in the left ventricular wall and the septum provide a comprehensive stochastical basis 
for the MAP-based regularization. The statistical description of sources, i.e., the covariance matrix Cx  
in Eq. 7, is extracted from the 153 simulations. The correlation coefficients between the simulated 
references and the reconstructions obtained with the MAP-based regularization using the original and 
optimized electrode configurations for all 153 ischemic areas are plotted in Fig. 11. The reconstructed 
ischemic areas of two cases, i.e., the basal inferior transmural ischemia (segment 4) with a radius of 
30mm and the mid inferoseptal ischemia (segment 9) with a radius of 30mm, are shown in Fig. 12. 

 
Figure 9. The correlation between simulated references and the reconstructions with the Tikhonov 2nd-order 

regularization using the original electrode configuration (Conf. 1) and the optimized electrode 
configuration (Conf. 2). 
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Figure 10. The reconstructed myocardial ischemic areas with the Tikhonov 2nd-order regularization using the 

original electrode configuration (Conf. 1) and the optimized electrode configuration (Conf. 2). The 
simulations as reference are shown in the first column. The basal inferoseptal transmural ischemia 
(segment 3) with a radius of 30mm (upper) and the mid anterolateral transmural ischemia (segment 
12) with a radius of 20mm (bottom) are shown. 

 
Figure 11. The correlation between simulated references and the reconstructions with the MAP-based 

regularization using the original electrode configuration (Conf. 1) and the optimized electrode 
configuration (Conf. 2). 

 
Figure 12. The reconstructed myocardial ischemic areas with the MAP-based regularization using the original 

electrode configuration (Conf. 1) and the optimized electrode configuration (Conf. 2). The simulations 
as reference are shown in the first column. The basal inferior transmural ischemia (segment 4) with a 
radius of 30mm (upper) and the mid inferoseptal ischemia (segment 9) with a radius of 30mm (bottom) 
are shown. 

4. Discussion and Conclusions 
As can be seen in Fig. 6 the original electrode configuration does not provide a satisfactory 

coverage of the first 5 important left singular vectors. The electrodes are not sufficiently dense in the 
precordial region and no electrodes are placed on the left shoulder and on the back. Moreover, the 
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electrodes located on the surface of the lower part of the thorax are redundant. Hence, the condition 
number of the transfer matrix related to the original configuration is about 3 times higher than that of 
the optimized configuration, which means the original system is more ill-posed than the optimized 
system. The same conclusion can be drawn from Fig. 8, i.e., the steepness of the slope of singular 
values, as a function of index (within the first 40 singular values), is significantly smaller in case of the 
improved electrode configuration. In addition, this conclusion is true not only for the specified 
application of the inverse problem - the reconstruction of ischemia, but also for the inverse problem of 
electrocardiography in general. 

Because ischemia leads to the change of local tissue property and this change isn’t taken into 
account in the calculation of transfer matrix (the location of ischemia is unknown), a certain amount of 
modeling error is introduced in the system. For this reason, Tikhonov regularization does not provide 
sufficiently good reconstruction results in some segments, i.e., segment 1 (basal anterior), segment 4 
(basal inferior), segment 5 (basal inferolateral), segment 6 (basal anterolateral), segment 7 (mid 
anterior), segment 13 (apical anterior) and segment 17 (apex) as can be seen in Fig. 9. Nevertheless, 
the optimized electrode configuration outperforms the original electrode configuration in almost all the 
segments (see Fig. 9). Significant improvements of the reconstruction quality are shown in segment 3 
(basal inferoseptal), segment 11 (mid inferolateral) and segment 12 (mid anterolateral) (see Fig. 9 and 
Fig. 10). 

The MAP-based regularization implies relative strong constraints, therefore it overcomes the 
modeling error introduced by neglecting ischemia in the computation of transfer matrix and delivers 
overall satisfactory results as shown in Fig. 11. Considerable improvements are observed in segment 4 
(basal inferior) and segment 9 (mid inferoseptal) when the optimized electrode configuration utilized 
(see Fig. 11 and Fig. 12). 

In the further work the same investigation will be performed on more patients to find out whether 
the electrode configuration proposed in this work is generally adequate for all patients, or a customized 
electrode configuration should be found for every individual patient. More regularization methods will 
be involved in the investigation, e.g., other classical methods like GMRES and TSVD, and also some 
newly developed methods like TTLS and hybrid regularization methods. Besides, the heart motion will 
also be taken into account in the next step, because the heart keeps contracting during the ST-interval, 
where the most prominent symptom of ischemia is shown. 
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